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Abstract
We study the discrete light-cone quantization (DLCQ) of closed strings
in the background of Minkowski space-time and a constant Neveu-Schwarz
B-field. For the Bosonic string, we identify the B-dependent part of the
thermodynamic free energy to all orders in string perturbation theory. For
every genus, B appears in a constraint in the path integral which restricts
the world-sheet geometries to those which are branched covers of a certain
torus. This is the extension of a previous result where the B-field was absent
[1]. We then discuss the coupling of a B-field to the Matrix model of M-
theory. We show that, when we consider this theory at finite temperature
and in a finite B-field, the Matrix variables are functions which live on a
torus with the same Teichmu¨ller parameter as the one that we identified in
string theory. We show explicitly that the thermodynamic partition function
of the Matrix string model in the limit of free strings reproduces the genus 1
thermodynamic partition function of type IIA string. This is strong evidence
that the Matrix model can reproduce perturbative string theory. We also find
an interesting behavior of the Hagedorn temperature.
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1 Introduction and Summary
It is widely believed that the five different perturbatively consistent super-
string theories describe special points in the space of vacua of a single dy-
namical structure called M-theory. However, the nature of the degrees of
freedom and a detailed description of the dynamics of M-theory are as yet
unknown. What has recently become apparent is that there are other points,
besides the perturbative string limits, in the moduli space of vacua whereM-
theory could be understood. One of them is the infinite momentum frame
which is conjectured to be described by the Matrix model [2, 3]. Others
are the various strong field limits which produce field theories with non-
commutative geometry [4], or non-commutative open string (NCOS) theory
[5],[6] or wrapped and non-relativistic closed string theory models [7], [8],[9].
In this Paper we will compare two limits of M-theory in an overlapping do-
main of validity - the Matrix model in the limit where it should produce
perturbative string theory and perturbative string theory in the kinematical
context, discrete light-cone quantization (DLCQ), which is described by the
Matrix model. We will consider each model in a background of a constant
Neveu-Schwarz antisymmetric tensor field, Bµν . The coupling of this field to
each model is simple and its effect can be taken into account exactly. This
will give a one-parameter comparison of the two theories and we will find
remarkable agreement.
The Matrix model [2, 3] (for a recent review see [10]) with N×N matrices
and gauge group SU(N) is conjectured to describeM-theory on a background
of eleven dimensional Minkowski space with a compact null direction, X+ ∼
X+ + 2πR and N units of null momentum, P− = N/R.
Type IIA superstrings can be obtained from M-theory by compactifying
a space direction. This compactification adds a dimension to the matrix
model [11]. The resulting Matrix string theory [12], [13] is 1+1-dimensional
maximally supersymmetric Yang-Mills theory. With the appropriate identi-
fication of degrees of freedom, it should be a non-perturbative formulation of
type IIA superstrings on a space with a compact null direction. Dijkgraaf,
Verlinde and Verlinde [13] argued that perturbative string theory is described
by the moduli space of classical vacua of the 1+1-dimensional Yang-Mills the-
ory. In this moduli space, the degrees of freedom are mutually commuting
matrices. The string degrees of freedom are the simultaneous eigenvalues of
the matrices. The correct description of the dynamics of these eigenvalues in
the limit which produces free strings is a super-conformal field theory on a
2
symmetric orbifold (R8)N/SN . They also showed that the first correction to
the free string Hamiltonian is an irrelevant operator which precisely repro-
duces the Mandelstam three-string vertex. Elaborations on this limit have
been discussed in detail in the literature [14]-[25], [1].
In the following, we will provide further support for these ideas by com-
paring that limit of matrix string theory which should produce weakly cou-
pled strings with discrete light-cone quantized (DLCQ) perturbative string
theory. We will be particularly interested in examining the effect of coupling
a constant background Bµν to the Matrix string model and comparing the
perturbative string limit to the DLCQ type IIA superstring in a background
B-field. We will find a remarkable agreement between the two. This is an
elaboration of our previous results in [21],[1] where a similar comparison was
made in the absence of Bµν . It provides further evidence in support of the
Matrix model conjecture.
We will be interested in the thermodynamic partition function of ma-
trix string theory. To form the thermodynamic partition function, we must
identify the energy. In the Matrix model, one of the light-cone momenta is
given by P− = N/R where R is the compactification radius of the light-cone
and the other one is given by P+ = H , the Hamiltonian of 1+1-dimensional
supersymmetric Yang-Mills theory with gauge group U(N). The energy is
given by P 0 = (P+ + P−)/
√
2 = (N/R+H)/
√
2 which can be used to form
the partition function
Z(β) = Tr(e−βP
0
) =
∞∑
N=0
e−βN/
√
2RTr(e−βH/
√
2) (1)
where β = 1/T is the inverse temperature. The sum over N is the trace over
the spectrum of P−. The remaining trace is the thermodynamic partition
function of the 1+1-dimensional super Yang-Mills theory with gauge group
U(N) and inverse temperature β/
√
2. It is given by the usual finite tem-
perature field theory path integral with compact Euclidean time where the
supersymmetry of the model is broken by the anti-periodic boundary con-
ditions for fermions. It will turn out that the matrix string model partition
function (1) contains a functional integral over matrix-valued fields which
live on a particular 2-torus, characterized by Teichmu¨ller parameter
τ0 = i
(1− 2πα′iBE)
ν
(2)
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where
ν =
4πα′√
2βR
(3)
and BE is the Euclidean version of a component of the B-field. We will find
that this underlying torus also emerges in the string theory in an interesting
way.
We shall begin by studying the closed bosonic string and the IIA su-
perstring in a constant external Bµν . In order to compare with the Matrix
model, we do discrete light-cone quantization (DLCQ) of the string. We
shall consider the thermodynamic partition function. Studying either string
theory or Matrix theory at finite temperature compactifies Euclidean time,
X0 ∼ X0 + β. In the IIA string theory, this gives a second compactification
of the target space: both the null Minkowski direction and Euclidean time
are then compact. In [21],[1] it was seen that this double compactification
results in an interesting constraint on geometries of world-sheets in the path
integral formulation of the string. Here, we shall see how this constraint is
modified by the presence of a B-field.The result will be that the integral over
all geometries of Riemann surfaces in the string path integral is reduced to
an integral over those Riemann surfaces which are branched covers of a torus
with Teichmu¨ller parameter given by τ0 in (2).
Without compactifications of space-time, and in the absence of D-branes,
closed strings would not couple to a constant B-field. In fact, a constant B-
field is gauge equivalent to a constant electromagnetic field and the electric
charges that would couple to it live at the ends of open strings. Closed
strings are neutral and are normally unaffected by an electromagnetic field.
However, when some space-time directions are compact, the states where the
closed string wraps the compact dimension can couple to B. The coupling
amounts to a constant shift of energies and momenta of the wrapped strings.
Its origin can intuitively be understood by imagining a closed string as being
made from an open string by fusing its ends. If the open string carries
charges of opposite sign on its endpoints, the process of creating a small
open string, wrapping it around the compact dimension, then fusing the
ends together obtains a contribution to its energy from transporting the
charged endpoints in a constant electric field. The energy shift is 2πRn · B
where B is the component of electric field in the compact direction, R is the
compactification radius and n is the number of times the resulting closed
string wraps the compact direction. A constant shift in energy is a chemical
4
potential and an electric B-field should therefore induce a finite density of
wrapped closed strings. There would also be a similar shifts in momenta of
wrapped states coming from the magnetic components of the B-field.If more
directions were compact, the presence of the B-field would lead to a higher
dimensional non-commutative Yang-Mills theory [26], [27], [28].
Consider a closed bosonic string propagating on 26-dimensional Minkowski
space with a constant background B-field. The action is given by
S = − 1
4πα′
∫
d2σ∂aXµ∂aXµ +
1
2
Bµν
∫
d2σǫab∂aX
µ∂bX
ν
The B-field contributes a total derivative term to the action. The equations
of motion do not depend on B and have their usual form,
∂+∂−X
µ = 0
∂+X
µ∂+Xµ = 0 , ∂−X
µ∂−Xµ = 0
Noether currents can depend on B. For example, total momentum which is
the Noether charge for space-time translation invariance, has the form
P µ =
1
2πα′
∫ π
0
dσ∂τX
µ +Bµν
∫ π
0
dσ∂σX
ν (4)
and we see that it is modified by B only if for some µ,
∫
dσ∂σX
µ 6= 0. This
can happen when the string wraps a compactified dimension.
Let us consider the simple case where one of the spatial dimensions is
compact, X1 ∼ X1 + 2πR1 and where the only non-zero component of B is
B01 ≡ B. The mass-shell and level matching conditions are
(
P 0 − 2πBR1n
)2 − ~p 2 = (m
R1
)2
+
(
nR1
α′
)2
+
2
α′
(
N + N˜ − 2
)
(5)
N − N˜ = mn (6)
Here m/R1 is the quantized momentum in the compact dimension. The
integer n is the number of times the string wraps the compact dimension.
The shift of the energy by the B-dependent term is a result of the shift of the
momentum in (4). We see that, for fixed n, the B-field affects the spectrum
like a chemical potential, 2πBR1n in (5).
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The mass-shell condition (5) is solved by light-cone momenta, P± =
1√
2
(P 0 ± P 1),
P− =
1√
2

2πBnR1 +
√√√√(m
R1
)2
+
(
nR1
α′
)2
+ ~p 2 +
2
α′
(N + N˜ − 2) + m
R1


P+ =
1√
2

2πBnR1 +
√√√√(m
R1
)2
+
(
nR1
α′
)2
+ ~p 2 +
2
α′
(N + N˜ − 2)− m
R1

 (7)
We can obtain a compactified null direction from a compactified spatial di-
rection by an infinite boost along the compact direction together with an
infinite rescaling of R1 [29]. We consider the state where the 1-component
of the momentum is large and negative and boost in the positive 1 direction.
The light-cone momenta in the boosted frame are scaled by the factors
P˜− = lim
R1→0
R1√
2R
P− , P˜+ = lim
R1→0
√
2R
R1
P+
to get
P˜− =
m
R
, P˜+ = 2πBnR +
R
2m
(
~p 2 +
4
α′
(N + N˜ − 2)
)
(8)
Now, R is the light-cone compactification radius, X+ ∼ X+ + 2πR. The B-
field contributes a chemical potential-like shift to the light-cone energy P+.
The only other place that the wrapping number, n, appears is in the level
matching condition (6) which is unchanged. Note that if we combine (8) and
(6), the mass operator has the form
2P+P− − ~P 2 = 2
α′
(1 + 2πα′B) (N − 1) + 2
α′
(1− 2πα′B)
(
N˜ − 1
)
(9)
In this formula, the string tensions of left and right-movers are shifted by
factors of (1 + 2πα′B) and (1− 2πα′B), respectively.
We are interested in seeing how this spectrum arises in the appropriate
limit of Matrix string theory. We shall consider the case where B01 = B−+ ≡
B is the only non-zero component of the B-field and where it is a constant.
To find the action of Matrix string theory in this B-field, our starting point is
the action for D1-branes on a space-time with the X1-direction compactified
and with a background metric
6
Gµν =


−1 + (2πα′B)2 2πα′B 0 ...
2πα′B 1 0 ...
0 0 1 ...
.... ... ... ...

 (10)
and no B-field
Bµν = 0
The correct D1-brane action can be found by dimensionally reducing 10-
dimensional supersymmetric Yang-Mills theory with the above space-time
metric to obtain maximally supersymmetric 1+1-dimensional Yang-Mills the-
ory whose 2-dimensional space-time metric is the upper left-hand corner of
Gµν .
Using the Buscher rules [30, 31] for T -duality, this is equivalent to D0-
branes on a space with the same compactified direction with dual radius, the
Minkowski metric Gµν = diag(−1, 1, 1, 1, ...) and non-zero B01 = B-field.
Then, a combination of arguments following Seiberg [29] and Sen [32]
and Dijkgraaf, Verlinde and Verlinde [13] can be used to show that, with
the appropriate identification of parameters, this D0-brane action is also the
Matrix string model which should describe Matrix strings in a B-field. Note
that, under the boost to the infinite momentum frame which is required to
make this identification, the component of the B-field that we are interested
in, B01 = B+−, is invariant.
The linearized coupling of an external B-field to both the Matrix model
and the Matrix string model has been found before [33, 34]. We find that
when Bµν is a constant, the full B-dependence of the Matrix string model
action has linear and quadratic terms in B. The linear term agrees with the
one found in [33]. From the Matrix string action, we can also deduce how
the B-field appears in the Matrix model action. There is also a linear and
quadratic term and the linear term agrees with the coupling found in [34].
Weakly coupled string theory has a density of states which grows ex-
ponentially with energy [35]. This gives rise to a maximum temperature,
called the Hagedorn temperature, beyond which a gas of strings cannot be
heated. This Hagedorn temperature is also sometimes interpreted as a phase
transition [36, 37, 38].
It is interesting to ask the question where a Hagedorn-like behavior could
arise in (1). Since the last factor is just the partition sum of a field theory,
it is clear that the only possible source of divergence which could give a
7
Hagedorn temperature is in the summation over N . The convergence of the
sum over N is governed by the large N limit of the gauge theory. Indeed,
there is a rough classification of the behaviors that can occur according to
the three possible asymptotic behaviors for this sum, depending on the state
of the gauge theory in the large N limit. The free energy, F , of the gauge
theory is defined by
Tre−βH/
√
2 = e−βF/
√
2
As a function of N in the large N limit, the free energy can generally be
expected to be negative and proportional to a power of N ,
βF ∼ −Na · . . .
There is a simple classification of the behavior of the sum over N which
depends on the exponent, a,
a < 1 confinement
a = 1, βF ∼ −NβH/R free strings
a > 1 e.g . βF ∼ −N2 · . . . deconfined
(11)
An example of the first case is the gauge theory in a confining phase. The
large N limit of its free energy is of order one. Then, the sum over N in (1)
will be convergent and the partition function will be field theory-like with a
field theoretical asymptotic density of states.
In the second case in (11), which is the one that we will study in this
Paper, the eigenvalues of the matrices dominate and there are N of them,
thus the free energy of order N . This is the limit of free long strings found
by Dijkgraaf, Verlinde and Verlinde [13]. We emphasize that, in this Paper,
we will not discuss how this limit is obtained or whether it exists as a bona-
fide phase of the 1+1-dimensional gauge theory. We will assume that it
is obtained in the limit of strong gauge theory coupling and examine the
consequences. In this case, the partition sum will diverge when β < βH with
βH = 1/TH defining the Hagedorn temperature.
In the third case in (11), βF ∼ −N2 . . ., which is what is generically
expected in this supersymmetric gauge theory in the large N limit. If the
theory is in a deconfined or screening phase, the free energy is proportional to
−N2 in large N ’t Hooft limit where g2
YM
N is held fixed. Then, the partition
sum does not converge for any value of the parameters. We regard this as
a reflection of the Jeans instability of hot flat space. States of the Matrix
model which have free energy of order −N2 in the large N limit correspond
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to string theory black holes. Divergence of the partition sum is due to the
nucleation of black holes which dominate the entropy at any temperature [39].
An explicit evaluation of the perturbative limit of the Yang-Mills theory can
be found in refs.[40],[41].
1.1 Results:
First of all, to illustrate the point, we quantize the Bosonic closed string using
DLCQ and operator methods. We find the spectrum and use it to compute
the thermodynamic partition function for free strings. This generalizes pre-
vious work [21] to a constant B-field. We find that, as in [21], the free energy
is given by a discrete sum over Teichmu¨ller parameters,
F
V
= −
∞∑
n=1
∞∑
k=1
k−1∑
s=0
1
k2
(
1
4π2α′τˆ2
)13
exp
(
− n
2β2
4πα′τˆ2
)
(η (τ−))
−24 (η¯ (τ+))
−24 (12)
where
τ+ =
s
k
+ i
(1 + 2πα′B)
ν
n
k
(13)
τ− =
s
k
+ i
(1− 2πα′B)
ν
n
k
(14)
and ν = 4πα
′√
2βR
, the parameter in (3).
The integers take values k, n = 1, 2, 3, ... and s = 0, 1, ..., k − 1. Also,
τˆ2 =
n
kν
(15)
is the average of the imaginary parts of τ+ and τ−. In spite of the B-
dependent difference between τ+ and τ−, this partition function is real and
exhibits the expected modular invariance. It has a symmetry under the re-
placement √
2πβRB →
√
2πβRB + 2πi · integer
This symmetry is related to a large gauge invariance of the string theory on
a toroidal space, B → B + 2πi · (integer)/VT, where VT is the volume of the
torus, is a gauge transformation. The free energy exhibits a symmetry under
this gauge transformation.
We then show how the same result can be obtained in a covariant quan-
tization using the path integral where the worldsheets have genus 1. In this
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case the simultaneous compactification of the Minkowski space null direction
and Euclidean time involves an periodic identification of coordinates that
contains complex numbers. It further requires that we use a Euclidean BE-
field which is related to the physical Minkowski one by BE01 = −iB01. We can
re-obtain the Minkowski one by analytic continuation only after the compu-
tation of the path integral is done. Our result then reproduces the one that
we obtained using operator methods quoted in (12) above.
We then use the covariant path integral formulation to find theB-dependence
of the free energy of the Bosonic string at all genera. The result is that, at a
given genus, BE01 appears only in a constraint on the integration over world-
sheets in the path integral. At genus g, this constraint restricts the integral
over world-sheets to those whose period matrix obeys a condition (see Section
4 for notation)
g∑
i=1
(ki + τ0mi) Ωij − (sj + τ0nj) = 0 (16)
where mi, ni, ki, si (i=1,...,g) are 4g integers. This is the condition that the
Riemann surface with period matrix Ωij is the branched cover of a torus with
Teichmu¨ller parameter
τ0 = i
1− 2πα′iBE
ν
identical to that in (2). This result, with BE = 0 was found in [1]. The
constraint (16) restricts the integration over all Riemann surfaces in the path
integral computation of the free energy to an integral over those Riemann
surfaces which are branched covers of a particular torus. The only place that
the constant B-field enters the partition function is in the geometry of the
underlying torus.
Note that the two different parameters τ+ and τ− defined in (13) and (14),
respectively, have underlying τ -parameters which are obtained by replacing
BE by −iB in τ0 and τ¯0, respectively.
We then show that essentially the same constraint occurs for the Green-
Schwarz superstring in the same geometrical setting. For the superstring, we
present an operator quantization (DLCQ) which gets the genus 1 contribution
to the partition function. The essential formula for the genus 1 contribution
is
F
V
= −
∞∑
n=1
n odd
∞∑
k=1
k−1∑
s=0
1
k2
(
1
4π2α′τˆ2
)5
29 (θ4 (0, 2τ−))
−8 (θ¯4 (0, 2τ+))−8 e−n2β2/4πα′ τˆ2
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An investigation of the superstring at higher genera is not given here. Ob-
taining the effect of compactification of the null direction on the finite tem-
perature partition function similar to (16), but for the super-geometry of the
world-sheet should be straightforward.
We then compare our results for the superstring with what we would
expect to obtain from the Matrix string model in the same B-field. We
show that, if we were to compute the finite temperature partition function
of the Matrix string model, we must do a path integral for 2-dimensional
supersymmetric Yang-Mills theory where the Yang-Mills field variables live
on a torus with Teichmu¨ller parameter τ0. This parameter is identical to the
τ0 which occurred in the string, given in equation (2).
The hypothesis is that the string degrees of freedom are the simultaneous
eigenvalues of the matrices. If the matrix elements are doubly periodic func-
tions on the torus, the eigenvalues of the matrices live on branched covers of
the torus. We have shown that it is precisely these branched covers which we
should expect to become the world-sheets of strings in perturbation theory,
where the genus of the branched cover is the genus of the worldsheet. Thus,
we can add the conjecture that summing the Matrix string model partition
function over the moduli space of branched covers with the appropriate mea-
sure should produce string perturbation theory. This has not yet been done
in detail beyond genus 1. However, we can check the example of genus 1
explicitly and we find that the partition function of the Matrix string model
- where we sum over all genus 1 (unbranched covers) of the basic torus - and
the IIA Green-Schwarz superstring are indeed identical. This was done in the
absence of B-field in [21]. The extension in this Paper to the case with a con-
stant B-field is interesting because the B-field modifies the geometry of both
the Matrix model and the quantized string in a simple way. Seeing that this
change maps correctly through the limit of the Matrix model which produces
perturbative strings is a non-trivial check of the Matrix string model.
A by-product of our analysis is an expression for the Matrix model action
in a constant B-field in the (0, 1) direction,
S =
∫
dt
{
1
2g
√
α′
Tr
[(
DτX
a +B01[X
1, Xa]
)2 − 1
(2πα′)2
[Xa, Xb]2
]
− i
2π
(
ψTDτψ + 2B01ψ
T [X1, ψ]− i
2πα′
ψTγa[X
a, ψ]
)}
(17)
Finally, we examine the Hagedorn phase transition in a finite B-field. We
observe the interesting fact that for the Discrete light-cone quantized closed
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bosonic string, when one of the directions in which there is electric B-field is
compactified, the Hagedorn temperature depends on B:
TH =
√
1− (2πα′B)2
16π2α′
This is remarkable in that it doesn’t depend on the compactification radius,
so it must hold even if the compactification radius is arbitrarily large. Of
course, without the compactification in the first place, TH would be inde-
pendent of B and would be the usual closed string value 1/4π
√
α′. This
non-commutativity of compactifying and going to the Hagedorn tempera-
ture is a result of the exponential growth of the density of states of the
string which is independent of compactification radius.At the Hagedorn tem-
perature, the thermal distribution of string states is unstable and the most
favorable configuration is one long string that contains all of the energy. In
order to know about the B-field, this long string must wrap the compactified
light-like direction. Because of this non-extensive behavior, it always has
enough energy to do that, no matter how large the radius R.
In Section 2 we shall examine the free energy of a Bosonic string in a
background B-field. We will use discrete light-cone quantization (DLCQ) and
compute the thermodynamic partition function using operator quantization
in the light-cone gauge.
In Section 3, we compute the same partition function using the covariant
path integral. We do this to illustrate a peculiarity of the compactifications
that must be implemented in our computation. It is necessary to do a si-
multaneous compactification of a null direction in Minkowski space in order
to get DLCQ and Euclidean time, in order to get a finite temperature path
integral. We shall see that the complex identification of time, contained in
formulae (55) and (56) indeed produces a partition function which agrees
with the one obtained by operator methods.
In Section 4, we use this technique to examine the effect of these simul-
taneous compactifications on the string path integral at all genera. We show
how they lead to a constraint in the path integral measure which restricts
the integration over all Riemann surfaces to an integration over the moduli
space of branched covers of a particular torus. We find that the external
B-field enters the partition function only in these constraints.
In Section 5 we extend our genus 1 results for the bosonic string to the
type IIA superstring. We obtain a formula for the genus 1 contribution to the
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thermodynamic free energy of the DLCQ superstring in a constant B-field
quoted in (108).
In Section 6, we examine the thermodynamic partition function of Matrix
string theory in a B-field. We first identify the coupling of a constant B-field
to the Matrix model. Then we examine the matrix string free energy in the
limit where we keep only the diagonal components of all of the matrix fields.
We give an explicit derivation of the thermodynamic partition function at
genus 1. The result is identical to the genus 1 superstring partition function
that we derived in Section 5.
In Section 7, we discuss the Hagedorn temperature in the discrete light-
cone quantized system. We note a peculiarity of the Hagedorn temperature.
It depends on the B-field, but not on the light-cone compactification radius.
In Section 8 we give some concluding remarks.
2 Free Energy of the Bosonic String in a B-
field: DLCQ
2.1 Notation
Let us begin by summarizing some of our notation and conventions. We will
use the metric of D-dimensional Minkowski space given by
− ds2 = dxµgµνdxν ≡ −(dx0)2 + d~x 2 = −2dx+dx− + (d~xT )2 (18)
where ~x is the vector made from the D − 1 spatial components of xµ, the
light-cone coordinates are
x+ =
1√
2
(
x0 + x1
)
, x− =
1√
2
(
x0 − x1
)
(19)
and ~xT =
(
x2, . . . , xD−1
)
. We will always consider the string in critical
dimensions, so that D = 26 for the Bosonic string and D = 10 for the
superstring.
In Euclidean space
X0 → −iX0E , X i → X i
consequently
B01 → iBE01
13
The closed string worldsheet coordinates are denoted by τ and σ where
σ ∈ [0, π] as in [42]. We define
σ± =
1√
2
(τ ± σ)
∂± =
1√
2
(∂τ ± ∂σ)
When both the target space and world-sheet are Euclidean
τ → −iσ2 , σ → σ1
The four Jacobi theta functions that we will use are defined by
θ1(ν, τ) = i
∞∑
n=−∞
(−1)nq(n−1/2)2/2zn−1/2 , θ3(ν, τ) =
∞∑
n=−∞
qn
2/2zn (20)
θ2(ν, τ) =
∞∑
n=−∞
q(n−1/2)
2/2zn−1/2 , θ4(ν, τ) =
∞∑
n=−∞
(−1)nqn2/2zn (21)
where
q = exp (2πiτ) , z = exp (2πiν)
We shall also denote by
θ˜k(ν, τ) =
∞∑
n=−∞
n 6=0
. . .
the theta function where the n = 0 term is absent from the sum.
Under the two generators of the SL(2, Z) modular group, τ → τ +1 and
τ → −1/τ , the modular transformation properties of the theta functions are
θ1(ν, τ + 1) = e
iπ/4θ1(ν, τ) , θ2(ν, τ + 1) = e
iπ/4θ2(ν, τ)
θ3(ν, τ + 1) = θ4(ν, τ) , θ4(ν, τ + 1) = θ3(ν, τ) (22)
and
θ1(ν/τ,−1/τ) = − (−iτ)1/2 eπiν2/τθ1(ν, τ)
θ2(ν/τ,−1/τ) = − (−iτ)1/2 eπiν2/τθ4(ν, τ)
θ3(ν/τ,−1/τ) = − (−iτ)1/2 eπiν2/τθ3(ν, τ)
θ4(ν/τ,−1/τ) = − (−iτ)1/2 eπiν2/τθ2(ν, τ) (23)
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They obey Jacobi’s abstruse identity
θ43(0, τ)− θ44(0, τ)− θ42(0, τ) = 0 (24)
Jacobi’s triple product formulae are
θ1(ν, τ) = 2q
1/8 sin(πν)
∞∏
n=1
(1− qn)
(
1− 2qn cos(2πν) + q2n
)
θ2(ν, τ) = 2q
1/8 cos(πν)
∞∏
n=1
(1− qn)
(
1 + 2qn cos(2πν) + q2n
)
θ3(ν, τ) =
∞∏
n=1
(1− qn)
(
1 + 2qn−1/2 cos(2πν) + q2n−1
)
θ4(ν, τ) =
∞∏
n=1
(1− qn)
(
1− 2qn−1/2 cos(2πν) + q2n−1
)
(25)
The Dedekind eta function is
η(τ) = q1/24
∞∏
n=1
(1− qn) (26)
and has the modular transformation properties
η(τ + 1) = eiπ/12η(τ) , η(−1/τ) = (−iτ)1/2η(τ) (27)
We shall also use the notation
η¯(τ) = q¯1/24
∞∏
n=1
(1− q¯n) (28)
where q¯ = e−2πiτ¯ .
The Poisson re-summation formula is
∞∑
n=−∞
exp
(
−πan2 − 2πibn
)
= a−1/2
∞∑
m=−∞
exp
[
−π(m+ b)
2
a
]
(29)
2.2 Action, Equations of Motion and Solutions
The action for the closed Bosonic string on 26-dimensional Minkowski space
in the presence of a B-field is given by
S = − 1
4πα′
∫
d2σ
(
∂αX
µ∂αXµ − 2πα′Bµνǫαβ∂αXµ∂βXν
)
(30)
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Here we have fixed the conformal gauge for the worldsheet metric. When Bµν
is a constant, the term in the world-sheet Lagrangian density containing it is
a total derivative. For this reason, this term does not alter the equations of
motion, which will therefore be independent of B. These equations of motion
and constraints are
∂+∂−X
µ = 0 (31)
∂+X
µ∂+Xµ = 0 (32)
∂−X
µ∂−Xµ = 0 (33)
The conserved world-sheet Noether currents which are associated with space-
time translation invariance depend on B,
Pµα =
1
2πα′
∂αX
µ −Bµνǫ βα ∂βXν (34)
In DLCQ a null direction is compactified. We shall consider the case
where X+ is identified with X++2πR. In closed string theory, the boundary
conditions on the worldsheet are periodic,
Xµ(τ, σ + π) = Xµ(τ, σ) + δµ+2πRr (35)
where r is an integer which counts the number of times the string world-
sheet wraps the compact direction X+. When the string wraps the compact
direction, the Noether charges are influenced by Bµν as
P µ =
1
2πα′
∫ π
0
dσ∂τX
µ + 2πrBµ+ (36)
We will consider the situation where the only non-zero component of B is
B+−. In that case, the only momentum which is influenced by B is P+ and
P+ =
1
2πα′
∫ π
0
dσ∂τX
+ + 2πBr (37)
The equations of motion have the light-cone gauge solutions
X−(τ, σ) = x− + 2α′P−τ (38)
X+(τ, σ) = x+ + 2α′(P+ − 2πBr)τ + 2Rrσ + (39)
+
(
α′
2
)(1/2)
i
∑
n 6=0
(
α+n
n
e−2in(σ+τ) +
α˜+n
n
e+2in(σ−τ)
)
(40)
~XT (τ, σ) = ~xT + 2α
′ ~PT τ +
(
α′
2
)(1/2)
i
∑
n 6=0
(
~αn
n
e−2in(σ+τ) +
~˜αn
n
e+2in(σ−τ)
)
(41)
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where ~PT and P
− are the total momentum along the transverse and X−
directions, respectively. As we shall show, in the presence of a B-field, p+
does not coincide with the translation generator along the X+ direction,
which we will denote by P+.
Since the canonical commutation relations are[
x+, P−
]
= −i
and x+ is a compact variable, the momentum P− is quantized as
P− =
k
R
where k is any integer. Substituting the solution (38, 40, 41) into the equa-
tions of motion, when k 6= 0, we get the explicit solutions for the α+n in terms
of the transverse oscillators αin
α+n =
1
2P−
(
2
α′
)1/2 +∞∑
m=−∞
: αin−mα
i
m : −
1
P−
(
2
α′
)1/2
δn,0
α˜+n =
1
2P−
(
2
α′
)1/2 +∞∑
m=−∞
: α˜in−mα˜
i
m : −
1
P−
(
2
α′
)1/2
δn,0 (42)
where αµ0 = p
µ. Subtracting these equations for n = 0 we get
P−rR = kr = N − N˜ (43)
where
N =
∞∑
n=1
αi−nα
i
n , N˜ =
∞∑
n=1
α˜i−nα˜
i
n , (44)
This is the level-matching condition, L0 − L˜0 = 0.
Using the solutions (42) we get
P+ =
1
α′P−
(
N + N˜ − 2
)
+
1
2P−
P iP i +
2πB
P−
(
N − N˜
)
(45)
When we take into account the level matching condition, N − N˜ = kr, we
see that this agrees with the expression (8) which we found by considering a
compactified spatial direction and doing an infinite boost in that direction.
The above relation gives the mass-shell condition
M2 = 2P+P− − P iP i
=
2
α′
(
N + N˜ − 2
)
+ 4πB
(
N − N˜
)
(46)
This coincides with (9).
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2.3 Thermodynamic Free Energy
From ref.[21] it is now easy to construct the free energy of the bosonic string
in the presence of a constant B-field. The only difference lies in the mass
spectrum operator which is now given by (46). We use an expression for the
free energy of a single relativistic particle and sum it over the mass spectrum
of the string. The result is
F
V
= −
∞∑
n=1
∞∑
k=1
1
k
(
k√
2πnβR
)13 k−1∑
s=0
1
k
Tr exp
(
−nβR√
2
M2
2k
− nkβ√
2R
+2πi
s
k
(N˜ −N)
)
(47)
where Tr denotes the sum over string states withM2, N and N˜ the operators
given in (46) and (44). In (47), summation over the integer s enforces the
level matching condition. The summation over k comes from expanding
the free energy of the relativistic particle in a series of exponentials. The
summation over n is the sum over light-cone momenta dual to the compact
null direction. Some details about how this formula is obtained can be found
in [21]. We use the notation for τ±, τˆ2 and ν given in (13), (14), (15) and (3).
In terms of these parameters, the free energy of the Bosonic string is given
by
F
V
= −
∞∑
n=1
∞∑
k=1
k−1∑
s=0
1
k2
(
1
4π2α′τˆ2
)13
e4πτˆ2−n
2β2/4πα′ τˆ2Tr
(
e−2πiτ¯+N e2πiτ−N˜
)
(48)
The trace over the string states can be easily computed and reads
F
V
= −
∞∑
n=1
∞∑
k=1
k−1∑
s=0
1
k2
(
1
4π2α′τˆ2
)13
exp
(
− n
2β2
4πα′τˆ2
)
(η (τ−))
−24 (η¯ (τ+))
−24
(49)
where the Dedekind eta function is defined in equation (26). This is the free
energy density of the DLCQ bosonic string in a constant B-field. For B = 0,
equation (49) exactly reproduced the result obtained in ref. [21].
We shall show in the next section how this free energy can be obtained
using the covariant Polyakov path integral.
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3 Covariant Path Integral
In this section we will calculate the free energy of the bosonic string in
the presence of a B-field at genus 1 using the covariant approach. We will
assume that the metrics of both the world-sheet and the target spacetime
have Euclidean signatures. The action in Euclidean space is given by
S =
1
4πα′
∫
d2σ
(√
ggαβ∂αX
µ∂βX
µ − 2πα′iBEµνǫαβ∂αXµ∂βXν
)
(50)
Note that we have also Wick rotated the antisymmetric tensor fields, B01 →
+iBE01. We shall show that the compactifications of the target space lead
to a well-defined path integral also when BE is complex. To achieve this
result we shall use Seiberg approach to the DLCQ of the bosonic string [29]:
We shall obtain a compactified null direction from a compactified spatial
direction (given by a small circle of radius Rs) by an infinite boost along the
compact direction. At the end of the computation we shall remove the cutoff
Rs and we shall analytically continue back to Minkowski B. The cutoff Rs is
introduced to show which is the correct prescription to give a path integral
representation of the DLCQ free energy. Namely we shall show that the
result obtained using Seiberg’s approach to DLCQ can be gotten directly
compactifying a null direction (i.e. Rs = 0) but with a real Euclidean B
E ,
which only in the final equation is replaced by a Minkowskian B. This is the
procedure we shall adopt in the rest of the Paper.
The spacetime is assumed to be flat 26-dimensional Euclidean space. The
genus 0 Riemann surface is topologically the 2-sphere. Since it has no non-
contractible loops, it cannot depend on BE, β or R.
At genus 1 the world-sheet is a torus. We will take the coordinates of the
world-sheet, σ1 and σ2 to lie in the range σi ∈ [0, 1). Conformal transforma-
tions can always be used to put the metric of the torus in the form
gαβ =
(
1 τ1
τ1 |τ |2
)
(51)
where then entries are constants given by the complex Teichmu¨ller parameter
τ = τ1 + iτ2 (52)
The determinant of the metric is
|g| = τ 22 (53)
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and the inverse of the metric is
gαβ =
1
τ 22
( |τ |2 −τ1
−τ1 1
)
(54)
With this gauge fixing of the metric, the integration over the metric in the
Polyakov path integral becomes an integration over the Teichmu¨ller param-
eter.
We shall also assume that BEµν is a constant. The factor i in front of
the term containing BEµν comes from analytic continuation. The contribution
of the B-field term to the world-sheet Lagrangian density is proportional
to a total derivative and therefore it depends only on the topology of the
configuration. We wish to study the situation where the target space has
particular compact dimensions. In this case, string configurations which
wrap the compact dimensions have non-trivial topology.
Two compactifications will be needed. The first compactifies the light
cone Minkowski space by making the identification 1√
2
(t+x1) ∼ 1√
2
(t+x1)+
2πR. In our Euclidean coordinates it becomes the complex identification(
X0, X1, ~XT
)
∼
(
X0 +
√
2πiR,X1 +
√
2πR, ~XT
)
(55)
The second compactification that we shall need is that of Euclidean time
which is necessary to produce finite temperature T = 1/β,
(
X0, X1, ~XT
)
∼
(
X0 + β,X1, ~XT
)
(56)
With these compactifications the only relevant component of the BEµν tensor
is BE01 = −BE10 = BE .
Following Seiberg [29] we shall consider the light-like compactification as
the limit of a compactification on a space-like circle which is almost light-like
(
X0, X1, ~XT
)
∼

X0 +√2πiR,X1 +√2πR
√
1 + 2
(
Rs
R
)2
, ~XT

 (57)
with Rs << R. The light-like circle (55) is obtained from (57) as Rs → 0.
This compactification is related by a large boost with
v =
R√
R2 + 2R2s
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to a spatial compactification on(
X0, X1, ~XT
)
∼
(
X0, X1 + 2πRs, ~XT
)
The introduction of the cutoff Rs, which will be removed at the end of the
calculation, is used to make the analytic continuation of the field BE to the
Minkowski B, well defined at any stage of the computation.
Compactification is implemented by including the possible wrappings of
the string world-sheet on the compact dimensions. In general the bosonic
coordinates of the string should have a multi-valued part which should take
into account the following boundary conditions
X iT (σ1 + 1, σ2) = X
i
T (σ1, σ2)
X iT (σ1, σ2 + 1) = X
i
T (σ1, σ2)
X0 (σ1 + 1, σ2) = X
0 (σ1, σ2) + βm+ i
√
2πRp
X0 (σ1, σ2 + 1) = X
0 (σ1, σ2) + βn+ i
√
2πRq
X1 (σ1 + 1, σ2) = X
1 (σ1, σ2) +
√
2πR′p
X1 (σ1, σ2 + 1) = X
1 (σ1, σ2) +
√
2πR′q (58)
where R′ = R
√
1 + 2
(
Rs
R
)2
.
As it was shown in Refs. [43] [44] with the boundary conditions (58)
conformal transformations can be used to transform the integration region
over the Teichmu¨ller parameter τ into the fundamental domain
F = {z ∈ C||z| ≥ 1,−1/2 ≤ rez < 1/2} (59)
To arrive at the form of the bosonic free energy we obtained in the previous
section, eq.(49), however, we should use modular transformations to char-
acterize the string wrappings by a single integer [43] [44]. In doing so, the
integration domain for the Teichmu¨ller parameters is expanded from F to
the region
S ≡ {−1/2 < τ1 < 1/2, 0 < τ2 <∞} (60)
As was shown in the seminal Paper by Polchinski [45], this corresponds,
on the torus, to consider only the windings of the time coordinate of the
torus, σ2, around the target space circle in the X
0 direction. In the Seiberg
approach to DLCQ this means boundary conditions of the form
X0 (σ1 + 1, σ2) = X
0 (σ1, σ2) + i
√
2πRp
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X0 (σ1, σ2 + 1) = X
0 (σ1, σ2) + βn+ i
√
2πRq
X1 (σ1 + 1, σ2) = X
1 (σ1, σ2) +
√
2πR′p
X1 (σ1, σ2 + 1) = X
1 (σ1, σ2) +
√
2πR′q (61)
which coincide with (58) for m = 0. We can then write the embedding
coordinates X0, X1, as a periodic part plus a multi-valued part, according
to
X0 = X0p + nσ2β +
√
2iπR (pσ1 + qσ2)
X1 = X1p +
√
2πR′ (pσ1 + qσ2) (62)
With these identifications of the spacetime the action (50) can be written as
S =
1
4πα′
∫
d2σ
√
ggαβ∂αX
µ
p ∂βX
µ
p + Sw.m.(n, p, q) (63)
where we separated the contributions coming from the periodic part from
those due to the winding modes. Note that ~XpT ≡ ~XT . Plugging (62) into
(63) for Sw.m. one gets
Sw.m.(n, p, q) =
β2n2
4πα′τ2
+
πR2s
α′τ2
|pτ − q|2 + 2πi
ντ2
(
nq − (τ1 − 2πα′BER
′
R
τ2)np
)
(64)
where ν = 4πα′/(
√
2βR). The part of the path integral which depends on
the topological data is gotten by exponentiating the action (64) and summing
over the integers n, p, q. The expression for the free energy becomes
F
V
= −∑
n,p,q
∫
S
dτ1
dτ2
2τ2
|η (τ)|−48
(4π2α′τ2)13
e−Sw.m(n,p,q) (65)
where the limit Rs → 0 is omitted and the Dedekind eta function and the
powers of 4π2α′τ2 arise from the integration over Xµp and gauge fixing. The
limit Rs → 0 is not defined inside the integral for a complex BE , in fact if BE
has an imaginary part and we set Rs = 0 inside the integral the sums over
p and q diverge, since p and q would appear linearly in (64). To take this
limit, which would provide the DLCQ free energy for the bosonic string, it
is convenient to first Poisson re-sum over p and q, then perform the integrals
over τ1 and τ2 and only at the end remove the cutoff by taking Rs → 0. One
gets ∑
n,p,q
e−Sw.m.(n,p,q) =
α′
R2s
∑
n,k,s
e−S
′
w.m.(n,k,s) (66)
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where
S ′w.m.(n, k, s) =
β2n2
4πα′τ2
+
πα′
R2sτ2


(
(s− τ1k +
√
2
2
BEβR′n
)2
+
(
τ2k − n
ν
)2
(67)
The free energy becomes
F
V
= −∑
n,k,s
∫ 1
2
− 1
2
dτ1
∫ ∞
0
dτ2
2τ2
|η(τ)|−48
(4π2α′τ2)13
α′
R2s
exp
[
− β
2n2
4πα′τ2
− πα
′
R2sτ2
(
s− τ1k +
√
2
2
BEβR′n
)2
− πα
′
R2sτ2
(
τ2k − n
ν
)2 (68)
It is not difficult to show that, in the Rs → 0 limit, the k = 0 term in
this integral is different from zero only for n = 0. For n = 0 one gets a
temperature independent contribution which gives the cosmological constant
at one-loop [45]. Thus in what follows we can set n 6= 0 and k 6= 0. In
particular, since (68) is symmetric for k → −k, n→ −n and s→ −s we can
also choose k = 1, . . .∞ and multiply by a factor of 2.
To perform the integration over τ1 it is useful to rewrite the Dedekind eta
function in terms of a series as in [42]. One has
|η(τ)|−48 = e4πτ2
∣∣∣∣∣
∞∏
m=1
(
1− e2πiτm
)∣∣∣∣∣
−48
(69)
and ∞∏
m=1
(1− zm)−24 ≡
∞∑
r=0
p(r)zr (70)
where z = exp(2πiτ). Then the τ1 dependent terms can be rewritten as
∫ 1
2
− 1
2
dτ1 exp

− πα′
R2sτ2
(
s− τ1k +
√
2
2
BEβR′n+ i
R2sτ2
kα′
(r − r′)
)2
−R
2
sτ2
k2α′
(r − r′)2 + 2πi
(
s
k
+
√
2
2k
BEβR′n
)
(r − r′)
]
(71)
To perform the τ1 integral it is useful to define in (68) new summation vari-
ables. Instead of summing over s one can sum over two integers s′ and l
which are defined according to
s′ = s+ lk
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where −∞ < l < ∞ and s′ = 0, . . . , k − 1. Introducing the new integration
variable
τ ′1 = τ1 + l
eq.(71) with the sum over s′ and l becomes
∞∑
l=−∞
k−1∑
s′=0
∫ 1
2
+l
− 1
2
+l
dτ ′1 exp

− πα′
R2sτ2
(
s′ − τ ′1k +
√
2
2
BEβR′n + i
R2sτ2
kα′
(r − r′)
)2
−R
2
sτ2
k2α′
(r − r′)2 + 2πi
(
s′
k
+
√
2
2k
BEβR′n
)
(r − r′)
]
(72)
It is now clear that the sum over l can be used to make the τ ′1 integral
Gaussian so that the free energy becomes (with s′ → s)
F
V
= −∑
n 6=0
∞∑
k=1
k−1∑
s=0
∞∑
r,r′=0
√
α′
k2R2s
∫ ∞
0
dτ2√
τ2(4π2α′τ2)13
p(r)p(r′)
exp
[
− β
2n2
4πα′τ2
+ 4πτ2 − 2πτ2(r + r′)− R
2
sτ2
k2α′
(r − r′)2
+2πi
(
s
k
+
√
2
2k
BEβR′n
)
(r − r′)− πα
′
R2sτ2
(
τ2k −
√
2βR
4πα′
n
)2 (73)
The τ2 integral can be performed exactly in terms of a Bessel function K25/2,
but it is much easier to perform at this stage the limit Rs → 0 which is now
well defined for any complex BE . In fact, using the formula
lim
ǫ→0
1
ǫ
√
π
e−x
2/ǫ2 = δ(x)
with ǫ = Rs/
√
α′ the free energy reads
F
V
= −
∞∑
n,k=1
k−1∑
s=0
1
k2
∫ ∞
0
dτ2
(4π2α′τ2)13
δ
(
τ2 − n
kν
)
exp
[
− β
2n2
4πα′τ2
]
[
η
(
s
k
+ i
n
kν
(1− i2πα′BE)
)
η¯
(
s
k
+ i
n
kν
(1− i2πα′BE)
)]−24
(74)
where ν = 4πα′/(
√
2βR). This formula precisely coincides with the one
obtained directly in the operatorial light-cone formalism, eq.(49), once the
Euclidean BE-field is analytically continued to Minkowski space BE → −iB.
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Note that this analytical continuation can be performed at any stage of the
calculation of this section, thus showing that what we have obtained is a
consistent path integral representation of the free-energy of the bosonic string
in DLCQ for any complex B. As we shall show in Section 5 this path integral
representation can also be used for the superstring in the NSR formalism.
The result (74) can be obtained more straightforwardly using directly
the compactification of the light-like direction x+, namely with boundary
conditions on the embedding coordinates given by (61) with Rs = 0. When
the action Sw.m. is exponentiated, since p and q would appear linearly in this
case, the summation over p and q leads to a periodic delta function in the
path integral measure. This delta function imposes a linear constraint on the
Teichmu¨ller parameter. It is given by
∑
ks
δ
(
nτ1
ντ2
+
2πα′BEn
ν
+ s
)
δ
(
n
ντ2
− k
)
=
∑
ks
τ2
k2
δ2
(
τ − s+ τ0n
k
)
(75)
where the sum over integers k and s makes the Dirac delta functions periodic
and
τ0 = i
1− 2πα′iBE
ν
is the parameter defined in (2).
Since we have assumed that τ1 and τ2 in eq.(75), B
E cannot be analytically
continued to Minkowski space at this stage. This operation can only be
performed at the end of the calculation. The expression for the free energy
becomes
F
V
= − ∑
n,s,k
∫
S
dτ1
dτ2
2k2
|η (τ)|−48
(4π2α′τ2)13
e
− β2n2
4piα′τ2 δ2
(
τ − s+ τ0n
k
)
(76)
It is now easy to perform the integrals in τ1 and τ2. After the integrations
one can sensibly continue the result to Minkowski space BE → −iB. The
free energy one obtains from (76) is identical to (49).
The prescription is now clear. One can do any calculation directly using
the compactified light-like direction, provided the Euclidean BE field is real.
The correct result for the free energy is obtained when the analytic continu-
ation to a Minkowski B-field is performed only at the end of the calculation.
That this procedure is correct has been proven by using Seiberg’s approach
to DLCQ where the analytic continuation to Minkowski B can be done at
any stage of the calculation.
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As a further application of this procedure we shall now derive the free
energy with a Teichmu¨ller parameter defined in the fundamental domain F .
The boundary conditions we shall assume on the embedding coordinates are
given in (58) with Rs = 0 so that we can write X
0, X1, as a periodic part
plus a multi-valued part, according to
X0 = X0p + (mσ1 + nσ2) β +
√
2iπR (pσ1 + qσ2)
X1 = X1p +
√
2πR (pσ1 + qσ2) (77)
With (77), Sw.m. in (63) becomes
Sw.m.(m,n, p, q) =
β2
4πα′τ2
(mτ¯ − n) (τm− n)
+2πi
√
2βR
4πα′τ2
[
nq + |τ |2mp− τ1(mq + np)
]
− 2πi
√
2βR
BE
2
(mq − np) (78)
The free energy reads
F
V
= − ∑
n,m,p,q
∫
F
dτ1
dτ2
2τ2
|η (τ)|−48
(4π2α′τ2)13
e−Sw.m(m,n,p,q) (79)
where the Teichmu¨ller parameter is integrated over the region F , defined in
(59). In this expression the sum over m and n is the sum over maps of the
torus in which the space and time time coordinates, respectively, of the torus
wrap the target space S1 m and n times. Since p and p appear linearly in
(78), the summation over p and q in (79) leads to a periodic delta function
in the path integral measure. This delta function imposes a linear constraint
on the Teichmu¨ller parameter. It is given by
∑
ks
δ
( |τ |2m− nτ1
ντ2
+
2πα′BEn
ν
+ s
)
δ
(
n−mτ1
ντ2
− 2πα
′BEm
ν
− k
)
=
∑
ks
τ2
[(m2πα′BE/ν + k)2 + (m/ν)2]
δ2
(
τ − s+ τ0n
k + τ0m
)
(80)
where the sum over integers k and smakes the Dirac delta functions periodic.
This formula will be generalized to higher genera in the next section. The
discrete Teichmu¨ller parameter then reads
τ(n, k,m, s) =
s+ τ0n
k + τ0m
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τ1(n, k,m, s) =
nm+ ν2(nφ/2π + s)(mφ/2π − k)
m2 + ν2(mφ/2π + k)2
τ2(n, k,m, s) =
ν(nk −ms)
m2 + ν2(mφ/2π + k)2
(81)
where
φ =
√
2πβRBE
is the flux of the BE-field on the toroidal space. Integrating over τ1 and τ2
the expression for the free energy becomes
F
V
= − ∑
n,m,k,s
1
[(mφ/2π + k)2 + (m/ν)2]
(
1
4π2α′τ2
)13
exp
(
−|mτ − n|
2β2
4πα′τ2
)
|η (τ)|−48
(82)
Here, the integers n,m, k, s must be chosen so that τ(n, k,m, s) lies in the
fundamental domain F defined in (59).
In equation (82), the periodicity of the free energy when φ → φ + 2π ·
integer, is manifest. Moreover when φ = 2π · integer the B-field contribution
to the partition function can be eliminated. This is consistent with the fact
that this particular BE-field can be eliminated by a gauge transformation.
When BE → −iB one obtains from (82) the free energy in a physical
B-field which is related to (49) by a modular transformation.
4 Higher Genera
The arguments of Section 3 can readily be extended to higher order per-
turbative contributions to the free energy of the string. These are obtained
from the covariant path integral where the worldsheets have higher genus.
We shall adopt the procedure described in the previous section namely we
shall perform the calculations in DLCQ with a compactified light-like direc-
tion and a real Euclidean BE- field and only at the end of the calculation we
shall analytically continue the result to Minkowski space.
4.1 Notation
We shall assume that the world-sheet is a Riemann surface Σg of genus g.
We use complex coordinates
z = σ1 + iσ2 , z¯ = σ1 − iσ2
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Accordingly
∂1 = ∂z + ∂z¯ , ∂2 = i (∂z − ∂z¯)
A local basis for the differential forms of the second order is given by d2σ =
dσ1 ∧ dσ2 or dz ∧ dz¯. They are related by
dz ∧ dz¯ = (dσ1 + idσ2) ∧ (dσ1 − idσ2) = −2idσ1 ∧ dσ2 = −2id2σ
The homology group of Σg, H1(Σg), is generated by the homology cycles,
a1, a2, . . . , ag , b1, b2, . . . , bg
which can be chosen so that they have the standard intersection properties
ai ∩ aj = ∅ , bi ∩ bj = ∅ , ai ∩ bj = δij (83)
The first cohomology group H1(Σg) is generated by g holomorphic differen-
tials
ω1, . . . , ωg
and their conjugates, the anti-holomorphic differentials.
Linear combinations of these can always be chosen so that they obey∮
ai
ωj = δij ,
∮
bi
ωj = Ωij (84)
where Ωij is a g × g complex, symmetric matrix, called the period matrix of
Σg. It has positive definite imaginary part.
We shall use the Riemann bilinear relation
∫
ωi ∧ ω¯j =
g∑
k=1
(∮
ak
ωi
∮
bk
ω¯j −
∮
bk
ωi
∮
ak
ω¯j
)
= −2i (Ω2)ij (85)
4.2 String Action
The string path integral for the vacuum energy is
F = −∑
g
g2g−2s
∫
[dhgdXdΨ] exp
[
− 1
4πα′
∫
Σg
d2σ
(√
hhαβ∂αX
µ∂βX
µ
− 2πα′iBEµνǫαβ∂αXµ∂βXν
)]
(86)
The string coupling constant is gs and its powers weight the genus, g =
0, 1, . . ., of the string’s world-sheet. For each value of the genus, g, [dhg]
28
is an integration measure over all metrics of that genus and is normalized
by dividing out the volume of the world-sheet re-parametrization and Weyl
groups. We will assume that the metrics of both the world-sheet and the
target spacetime have Euclidean signature.
We shall consider the situation in which the target space is compacti-
fied according to eqs.(55,56). Compactification is implemented by including
the possible wrappings of the string worldsheet on the compact dimensions.
These form distinct topological sectors in the path integration in (86). In the
wrapping sectors, the bosonic coordinates of the string should have a multi-
valued part which changes by β·integer or (i)√2R·integer as it is transported
along a homology cycle. This is accomplished by adding a multi-valued clas-
sical piece to the embedding coordinate of the string,
X = Xcl +Xq (87)
where the quantum part Xq are the variables that are to be integrated in
the path integral. The classical part contains the topological part of the
configuration. Xcl must be harmonic, so that it is a solution of the equation
of motion, ∂∂¯X = 0. When Xcl is transported around a homology cycle Xcl
should change by an integer multiples of the compactification circumferences.
The integers are the number of times the homology cycle of the worldsheet
wraps the compactified spacetime dimension.
It is convenient to work with the differential dXcl which we assume is
single-valued. It can be decomposed in complex differentials as
dXcl = ∂Xcl + ∂¯Xcl (88)
where
∂Xcl = ∂zXcldz , ∂¯Xcl = ∂z¯Xcldz¯
Since Xcl is harmonic, these can be expanded in the basis for holomorphic
and anti-holomorphic differentials, ωi and ω¯i, as
∂Xcl =
g∑
i=1
λiωi , ∂¯Xcl =
g∑
i=1
λ¯iω¯i (89)
with suitable complex coefficients λi. λ¯ is not necessarily the complex conju-
gate of λ when there are complex identifications of the embedding variables.
In particular, if we choose
dX0cl =
g∑
i=1
(
λiωi + λ¯iω¯i
)
, dX1cl =
g∑
i=1
(γiωi + γ¯iω¯i) (90)
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Then, we require
∮
ai
dX0cl = βmi +
√
2πRipi ,
∮
bi
dX0cl = βni +
√
2πRiqi (91)
∮
ai
dX1cl =
√
2πRpi ,
∮
bi
dX1cl =
√
2πRqi (92)
With (84) and (85) we use these equations to solve for the constants in (90).
We find
λ =
i
2
Ω−12
[
Ω¯(βm+ i
√
2πRp)− (βn+ i
√
2πRq)
]
λ¯ = − i
2
Ω−12
[
Ω(βm+ i
√
2πRp)− (βn+ i
√
2πRq)
]
γ =
i
√
2πR
2
Ω−12
(
Ω¯p− q
)
γ¯ = −i
√
2πR
2
Ω−12 (Ωp− q) (93)
Where we have used an obvious vector notation for multiplying the period
matrix and integer-valued vectors pi and qi, etc.
The string action for the classical configurations
Scl =
1
4πα′
∫
Σg
d2σ
(
∂αX
µ
cl∂αX
µ
cl − 2πα′iBEµνǫαβ∂αXµcl∂βXνcl
)
=
i
2πα′
∫
Σg
(
∂Xµcl ∧ ∂¯Xµcl − 2πα′BEµν∂Xµcl ∧ ∂¯Xνcl
)
(94)
using (85) and (90), becomes
Scl =
1
πα′
[
λΩ2λ¯+ γΩ2γ¯ + 2πα
′BE
(
λΩ2γ¯ − γΩ2λ¯
)]
(95)
where, as usual, BE = BE01. The part of the string action which contains the
winding integers, can then be obtained by the solutions (93) and reads
S = β
2
4πα′
(
mΩ† − n
)
Ω−12 (Ωm− n) + 2πi
√
2βR
4πα′
1
2
[(
pΩ† − q
)
Ω−12 (Ωm− n)
+
(
mΩ† − n
)
Ω−12 (Ωp− q)− 4πα′BE(mq − np)
]
(96)
As expected the B-part of the action does not depend on the period matrix
and it is a purely topological term. Note that the integers pi and qi appear
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linearly in a purely imaginary term in the action. When the action is expo-
nentiated and summed over pi and qi, the result will be periodic Dirac delta
functions. It can be shown that these delta functions impose a linear con-
straint on the period matrix of the world-sheet. Thus, with the appropriate
Jacobian factor, the net effect is to insert into the path integral measure the
following expression,
∑
mnks
e−
β2
4piα′ (mΩ
†−n)Ω−12 (Ωm−n)
(
ν2
1 + (2πα′BE)2
)g
|det Ω2|
g∏
j=1
δ
( g∑
i=1
(ki + τ0mi) Ωij − (sj + τ0nj)
)
(97)
where τ0 is defined in (2) and ν = 4πα
′/
√
2βR as in (3). Consequently, the
integration over metrics in the string path integral is restricted to those for
which the period matrix obeys the constraint
g∑
i=1
(ki + τ0mi) Ωij − (sj + τ0nj) = 0 (98)
for all combinations of the 4g integers mi, ni, ki, si such that Ωij is in a funda-
mental domain F of the Riemann surface. For genus 1 this equation provides
the discrete Teichmu¨ller parameter defined in (81).
The Riemann surfaces with the constraint (98) have been classified in
ref.[1]. They are the branched coverings of the torus with Teichmu¨ller pa-
rameter τ0.
5 Superstring
We shall now consider the DLCQ of a closed superstring in ten dimensions in
the presence of a B-field. In this section we shall derive, following Atick and
Witten [38], the expression of the free energy using the path integral for the
superstring in the Neveu-Schwarz-Ramond (NSR) formalism. By means of
modular invariance [43] [44], we shall then obtain the form of the superstring
free energy that has to be compared with the one of the matrix string theory.
The strategy we shall adopt is the one described in section 3, namely
we will use a compactified light-like direction X+ and a real Euclidean BE
field and only at the end of the calculation we shall analytically continue the
result to Minkowski space BE → −iB.
31
The superstring covariant action in the NSR formalism in the presence
of an antisymmetric tensor Bµν is given by
S =
1
4πα′
∫
d2σ(
√
ggαβ∂αX
µ∂βXµ − i2πα′BEµνǫαβ∂αXµ∂βXν
− 2iα′eψ¯µρaαeαa∂αψµ − π(2α′)2BEµνǫαβψ¯µρaeaα∂βψν) (99)
Here ψµ is a Majorana spinor, gαβ is the world-sheet metric, e
a
α the corre-
sponding zweibein and e its determinant. At one-loop, i.e. on a torus, we
shall take for gαβ the metric given in (51). To provide the free energy, this
action has to be inserted in the string path integral, the metrics of both the
world sheet and the target spacetime having Euclidean signature.
For a constant B-field, the contribution of the B-field term to the world-
sheet Lagrangian density is proportional to a total derivative. Since the
boundary conditions on the fermions are periodic (Ramond sector) or anti-
periodic (Neveu-Schwarz sector) the coupling of B to the ψµ in (99) actually
vanishes. Thus the only B-dependent contribution comes from the bosonic
part of the action.
The boundary conditions we shall consider on the bosonic coordinates are
given by eqs.(58) with Rs = 0. The compactification of the coordinate X
0,
with the appropriate modification of the GSO projection to make space-time
fermions anti-periodic, introduces the temperature, so that the path integral
with the action (99) computes the thermodynamic free energy.
The part of the string action which contains the winding integers, Sw.m.,
reads
Sw.m.(m,n, p, q) =
β2
4πα′τ2
(mτ¯ − n) (τm− n) + 2πi
√
2βR
4πα′τ2
[
nq + |τ |2mp
− τ1(mq + np)]− 2πi
√
2βR
BE
2
(mq − np) (100)
Note that the integers p and q appear linearly in a purely imaginary term.
Furthermore, since they will come from the compactification of the light-
cone direction, this is the only place that they will appear in the string path
integral. Unlike m and n which appear in the weights of the sum over spin
structures, the compactification of the light-cone direction does not modify
the GSO projection. Thus, when the action is exponentiated and summed
over p and q the result will be, as in the bosonic case, periodic delta functions.
The type II superstring free energy in the Neveu-Schwarz-Ramond for-
mulation of superstring in a B-field background can then be obtained as in
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[38]. It reads
F
V
= −1
4
(
1
4π2α′
)5 ∫
F
d2τ
τ 62
∣∣∣∣∣ 1η(τ)
∣∣∣∣∣
24 +∞∑
n,m,p,q=−∞
e−Sw.m.(m,n,p,q)
[(
θ42 θ¯
4
2 + θ
4
3θ¯
4
3 + θ
4
4 θ¯
4
4
)
(0, τ) + eiπ(n+m)
(
θ42θ¯
4
4 + θ
4
4 θ¯
4
2
)
(0, τ)
−eiπn
(
θ42 θ¯
4
3 + θ
4
3θ¯
4
2
)
(0, τ)− eiπm
(
θ43 θ¯
4
4 + θ
4
4θ¯
4
3
)
(0, τ)
]
(101)
where the Teichmu¨ller parameters are integrated over the region F , which is
the fundamental domain of the torus. Characterizing these wrappings by a
single integer [43] [44], the integration domain for the Teichmu¨ller parameters
is expanded from F to the region S defined in (60).
If set m = 0 and integrate over the region S in (101) we get [21]
F
V
= −1
4
(
1
4π2α′
)5 ∫ 1/2
−1/2
dτ1
∫ ∞
0
dτ2
τ 52
∣∣∣∣∣ 1η(τ)
∣∣∣∣∣
24 +∞∑
n,k,s=−∞
1
k2
e−β
2n2/(4πα′τ2)
C(n, τ)δ
(
τ1 − 2πα
′BEn
νk
− s
k
)
δ
(
τ2 − n
νk
)
(102)
where C(n, τ) is the following combination of thetas
C(n, τ) =
[(
θ42 θ¯
4
2 + θ
4
3θ¯
4
3 + θ
4
4 θ¯
4
4 − θ43 θ¯44 − θ44 θ¯43
)
(0, τ)
+ eiπn
(
θ42θ¯
4
4 + θ
4
4 θ¯
4
2 − θ42 θ¯43 − θ43 θ¯42
)
(0, τ)
]
(103)
C(n, τ) can be rearranged according to
C(n, τ) =
(
θ43(0, τ)− θ44(0, τ)− eiπnθ42(0, τ)
) (
θ¯43(0, τ)− θ¯44(0, τ)− eiπnθ¯42(0, τ)
)
(104)
Using Jacobi’s identity (24) C(n, τ) becomes
C(n, τ) = 2θ42θ¯
4
2(0, τ)(1− eiπn) = 2 |θ2(0, τ)|8 (1− eiπn) (105)
The free energy (102) then reads
F
V
= −
(
1
4π2α′
)5 ∫ 1/2
−1/2
dτ1
∫ ∞
0
dτ2
τ 52
∣∣∣∣∣ 1η(τ)
∣∣∣∣∣
24
2
+∞∑
n=1
n odd
+∞∑
k=1
k−1∑
s=0
1
k2
e
− β2n2
4piα′τ2
|θ2(0, τ)|8 δ
(
τ1 +
2πα′BEn
νk
− s
k
)
δ
(
τ2 − n
νk
)
(106)
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The product representation of θ2(0, τ) in (25) implies that∣∣∣∣∣ 1η(τ)
∣∣∣∣∣
24
|θ2(0, τ)|8 = 28
∞∏
n=1
∣∣∣∣∣1 + e
2πinτ
1− e2πinτ
∣∣∣∣∣
16
≡ 28 |θ4 (0, 2τ)|−16 (107)
When the BE field is continued to Minkowski space BE → −iB. the free
energy for the type II superstring becomes
F
V
= −
∞∑
n=1
n odd
∞∑
k=1
k−1∑
s=0
1
k2
(
1
4π2α′τˆ2
)5
29 (θ4 (0, 2τ−))
−8 (θ¯4 (0, 2τ+))−8 e−n2β2/4πα′τ2
(108)
where the Teichmu¨ller parameters τ+ and τ− are defined in (13) and (14).
This is the free energy of the DLCQ type II superstring in a constant
B-field which, in the next sections, will be compared with the one derived
for the matrix string theory.
6 The thermodynamic partition function of
the matrix string theory in a B field
In this section we shall first find the Matrix string theory action in the pres-
ence of a background B-field whose only non-zero component is B01. Then
we will consider the resulting Matrix string theory in the limit which should
coincide with free type IIA strings. We shall show that, when the thermody-
namic partition function of Matrix string theory in this limit is computed, it
coincides with the one obtained in the previous section for the DLCQ type
II superstring.
The matrix model of M-theory is the effective field theory of the low
energy interactions of a gas of D0-branes propagating on 10-dimensional
Minkowski space. When one spatial direction is compactified, the matrix
model which describes the resulting theory is 1+1-dimensional maximally
supersymmetric Yang-Mills theory. This theory contains T -duality in a man-
ifest way - it can either describe D0-branes or their T -dual, D1-branes which
wrap the compact direction where the compactification radius R1 should be
replaced by the dual radius α′/R1. To find the coupling of a background
B-field to D0-branes on Minkowski space with a compact dimension, it is
convenient to begin with the T -dual of that situation which is wrapped D1-
branes, no B-field, and space-time with the metric (10).
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The 1+1-dimensional Yang-Mills theory which describes this system is
gotten by starting with ten-dimensional U(N) super Yang-Mills theory in the
background metric (10) [46]. In Euclidean space time, the ten dimensional
action is
S =
1
2
∫
d10ξTr
√
G
(
FµνG
µρGνσFρσ − i
π
Trψ¯γaV µa Dµψ
)
(109)
where the fields Aµ and ψ are both in the adjoint representation of U(N).
The covariant derivative is given by
Dµ = ∂µ − igYM [Aµ, . . .]
Gµν is a metric and V
a
µ the corresponding zehnbein. In Euclidean space, in
terms of the Euclidean BE-field the metric reads
Gµν =


1 + (2πα′BE)2 −2πα′BE 0 ...
−2πα′BE 1 0 ...
0 0 1 ...
.... ... ... ...

 (110)
Ten-dimensional Yang-Mills theory is reduced to 2-dimensional Yang-Mills
theory by assuming that the fields are independent on the coordinates 2, . . . , 9.
In 1+1 dimensions there is a gauge field Aα, α = 1, 2, 8 adjoint scalars
X i, i = 2, . . . 9 and a 16-component Majorana spinor which can by arranged
into 8 two-dimensional Majorana spinors. The action (109) becomes
S =
1
2
∫
d2σ

√ggαβDαX iDβX i − g2YM∑
i<j
[
X i, Xj
]2
+
√
gFαβg
αγgβδFγδ
− i
π
(√
gψTγaeαaDαψ + gYMψ
Tγi[X
i, ψ]
)]
(111)
where gYM is the ten-dimensional Yang-Mills coupling constant, g
αβ is the
(0, 1) part of the metric (110) and eαa the corresponding zweibein. This is
the action describing the low energy dynamics of N coincident D1-brane
in the background metric gαβ . It can be easily seen that the linear terms
in B in (111) are exactly those found in [33, 34]. When the direction 1 is
compactified, using the Buscher rules for T -duality, (111) is equivalent to
D0-branes on a space with the same compactified direction, the Euclidean
metric and a non-zero B-field in the (0, 1) direction.
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To arrive at the matrix string point of view [13], (which we shall refer to
as DVV) we have to take into account that, conventionally, the matrix theory
is related to M-theory via the compactification of the 11-th direction on a
circle of radius R11. We then re-scale the field variables, the coupling constant
and the coordinates in (111) in such a way to introduce the compactification
radius R11, the string tension 1/2πα
′ and coupling constant gs. The necessary
re-scalings are
X i →
(
1
2πα′
)1/2
X i , ψ →
(
R211
2πα′
)1/4
ψ
A1 →
(
R211
2πα′
)1/2
A1 , A2 → (2πα′)1/2A2 , gYM → R11
gs
√
α′
σ1 →
(
2πα′
R211
)1/2
σ1 , σ2 →
(
1
2πα′
)1/2
σ2 (112)
The action (111) then becomes
SDVV =
∫
d2σ
{
1
2R11
[(
D2X
i − R11BED1X i
)2
+
(
R11
2πα′
D1X
i
)2
+ g2sα
′F 2µν
− R
2
11
4π2α′3g2s
∑
i<j
[X i, Xj]2

− iR11
2π
ψT
(
1
R11
D2ψ
+
1
2πα′
γD1ψ − BED1ψ − i
2πα′3/2gs
γi[X
i, ψ]
)}
(113)
The two dimensional world-sheet here is a cylinder with compact spatial
coordinate σ1 ∈ [0, 1) and Euclidean time σ2 ∈ (−∞,∞). Later, when we
consider the Euclidean action in the partition function, Euclidean time will
also be compact. This is the action that, according to the DVV construction
[13], should describe the non-perturbative particle spectrum of the type IIA
string in a B-field in terms of the states that can be made up from infinitely
many D0-branes. The compactification on the circle S1 along the 1-direction
and the reinterpretation of the X1 as a covariant derivative D1 with a gauge
field defined on S1, amounts to applying a T -duality transformation along
the S1 direction, thereby turning the D0-branes into D1-branes. This is the
reason why this action can be obtained from the D1-brane action (111).
The Hamiltonian corresponding to the action (113) and that will be used
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in the calculation of the thermodynamic partition function, reads
H =
R11
2
∫ 1
0
dσ1Tr

Π2i + 2iBEΠiD1Xi + 14π2α′2 (D1Xi)2 −
1
4π2α′3g2s
∑
i<j
[
Xi,Xj
]2
+
E2
g2sα
′ +
i
π
BEψT ·D1ψ − i
2π2α′
ψTγ ·D1ψ − 1
2π2α′3/2gs
ψTγi
[
X i, ψ
]]
(114)
The mass-dimensions of H and of the fields are
[H ] = M , [Xa] = M−1 , [ψ] = M0 , [A1,2] =M0.
R11 is the radius of the dimension that must be compactified in order to
obtain the matrix description of M-theory - in its original form the Matrix
model describes M-theory in a reference frame which has infinite momen-
tum in the 11’th direction. In the more sophisticated proposal of ref. [3],
this compactified direction is the light-cone direction X+. It was shown by
Seiberg [29] that, with certain assumptions, a boost to the frame with infinite
momentum of a theory compactified on a small circle R11 is equivalent to one
with the light-cone compactified. For a more recent discussion of these issues
see [47, 48, 49]. Here, since we are actually describing DLCQ M-theory, we
shall make the replacement
R11 −→ R
The hypothesis is that this model describes DLCQ M-theory with one di-
mension compactified (to describe the DLCQ IIA superstring). The canon-
ical momenta which appear in (114) are normalized so that they have the
conventional canonical commutators,[
X iab(σ),Π
j
cd(σ
′)
]
= iδadδbcδ
ijδ(σ − σ′)
[Aab(σ), Ecd(σ
′)] = iδadδbcδ(σ − σ′)
{ψab(σ), ψcd(σ′)} = 1
2π
δadδbcδ(σ − σ′) (115)
Note that g2sα
′ plays the role of the inverse square of the Yang-Mills coupling
constant in 1+1 dimension: g2sα
′ = g−2YM
6.1 Matrix theory in a B-field
In this subsection, we will find the matrix model which describesM-theory in
a B-field on an 11-dimensional space whose only compactification is the null
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direction X+. To do this, we shall follow an inverse DVV procedure [13].
This result will be achieved by first decompactifying the T -dual circle of
radius R1 and then interchanging the role of the 11
th and the 1st directions.
To this purpose we first rewrite the Hamiltonian (114) in terms of the
11-dimensional Plank length lp, the radius of the compactified direction, R1,
and the string coupling constant gs. The relation between these constants
and the string scale
√
α′ is defined as
gs
√
α′ = R1 , g
1/3
s
√
α′ = lp (116)
This leads to the Hamiltonian
H =
R11
2
∫ 1
0
dσ1Tr

Π2i + R
2
1
4π2l6p
(D1X
i)2 − 1
4π2l6p
∑
i<j
[
Xi,Xj
]2
+ 2iBED1X
iΠi
+
E2
R21
+
i
π
BEψTD1ψ − 1
2π2l3p
ψTγi
[
X i, ψ
]
− iR1
2π2l3p
ψTγ ·D1ψ
]
(117)
where i = 1, . . . , 8 now labels the transverse coordinates. We now decom-
pactify the 1st direction, so that, after the usual T -duality, we can identify
the covariant derivative D1 with the X
1 coordinate, according to
iR1D1 −→ X1 (118)
With this procedure the Hamiltonian (117) becomes
H =
R11
2
Tr
[
Π2a + 2
BEα′
l3p
[X1, Xa]Πa − 1
4π2l6p
[Xa, Xb]2
− 1
2π2l3p
ψTγa[X
a, ψ] +
BEα′
πl3p
ψT [X1, ψ]
]
(119)
where a = 1, . . . , 9. We now interchange the 11th and the 1st directions by
introducing eleven-dimensional Planck units: R11 = g
√
α′ and l2p = α
′g2/3.
The 1-11 flip, has been shown to correspond to a chain of T − S − T duality
in [33]. With this substitution we obtain the final result for the Hamiltonian
of the Matrix model in a constant B-field in the (0, 1) direction
H =
1
2g
√
α′
Tr
[
g2α′Π2a + 2B
Eg
√
α′Πa[X1, Xa]− 1
(2πα′)2
[Xa, Xb]2
]
− 1
2π
Tr
[
1
2πα′
ψTγa[X
a, ψ]− 2BEψT [X1, ψ]
]
(120)
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When the σ2 coordinate is identified with the Euclidean time τ the Matrix
model action then reads
S =
∫
dt
{
1
2g
√
α′
Tr
[(
DτX
a + iBE [X1, Xa]
)2 − 1
(2πα′)2
[Xa, Xb]2
]
− i
2π
(
ψTDτψ + 2iB
EψT [X1, ψ]− i
2πα′
ψTγa[X
a, ψ]
)}
(121)
Each of the adjoint scalar matrices Xa is a hermitian N ×N matrix, where
N is the number of 0-branes and the relation between the coupling constant
and the compactification radius of the 11th direction g
√
α′ = R11, has been
used. This action describes a stack of N D0-branes in the presence of a
B-field in the (0, 1) direction.
Since (121) is the action for N coincident D0-branes, it should be possible
to derive it also from dimensional reduction of the ten-dimensional U(N)
super Yang-Mills theory (109). Namely we can arrive at (121) by a further
dimensional reduction of (111) assuming that all fields are independent of
the coordinate 1, calling time the coordinate 2 and performing the following
re-scalings of the fields, coupling constant and coordinate
Xa →
(
1
2πα′gYM
)1/2
Xa , A2 → (2πα′gYM)1/2A2
σ2 →
(
1
2πα′gYM
)1/2
τ , gYM → g
2
2π
(122)
6.2 Matrix string free energy
Using the Hamiltonian (114) we shall now construct the thermodynamic
partition function Z of matrix string theory in the limit of vanishing string
coupling, gs → 0. The prescription discussed in the previous sections for the
treatment of the thermal ensemble for systems in the light-cone frame, and
the fact that P− = N/R lead us to write Z as
Z = Tre−βP
0
= Tre−β(P
++P−)/
√
2 =
∞∑
N=0
e−Nβ/
√
2R Tr
{
e−βH/
√
2
}
(123)
where P+ = H is the matrix string theory Hamiltonian in (114). The
trace of exp(−βH/√2) is to be taken over gauge invariant states of the two-
dimensional super-Yang-Mills theory. This trace has the standard Euclidean
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field theory path integral expression [50]
Z[β] =
∞∑
N=0
∫
[dAα][dX
i][dψa] exp
(
−βN/
√
2R − SE [A,X i, ψ]
)
(124)
where SE is the Euclidean action
SE =
1
4πα′
∫ 1
0
dσ1
∫ 1
0
dσ2Tr
{
1 + (2πα′BE)2
ν
D1X
iD1X
i + νD2X
iD2X
i
− 4πα′BED1X iD2X i + νg2sα′F 2µν −
1
να′g2s
∑
i<j
[
X i, Xj
]2
− i2α′
(
ψTD2ψ +
1
ν
ψTγD1ψ − 2πα
′BE
ν
ψTD1ψ − i
νgs
√
α′
ψTγi
[
X i, ψ
])}
(125)
Here ν = 4πα′/(
√
2βR), we have rescaled the time σ2 so that the integration
is over a box of area one, 0 ≤ σµ < 1, and β appears as a factor in various
coupling constants. Boundary conditions in the path integral are
Aµ(σ1 + 1, σ2) = Aµ(σ1, σ2)
X i(σ1 + 1, σ2) = X
i(σ1, σ2)
ψ(σ1 + 1, σ2) = ψ(σ1, σ2)
Aµ(σ1, σ2 + 1) = Aµ(σ1, σ2)
X i(σ1, σ2 + 1) = X
i(σ1, σ2)
ψ(σ1, σ2 + 1) = −ψ(σ1, σ2) (126)
The anti-periodicity of the fermion field in the Euclidean time comes from
taking the trace in (123).
The limit gs → 0 of this theory was formulated by DVV [13].Their hy-
pothesis is that, in this limit, the field configurations which have finite action
are simultaneously diagonalizable matrices. They can therefore all be related
to diagonal field configurations by a gauge transformation
X i(σ) = U(σ)X iD(σ)U
−1(σ)
ψ(σ) = U(σ)ψD(σ)U
−1(σ)
Aµ(σ) = iU(σ)
(
∂µ − iADµ (σ)
)
U−1(σ) (127)
X iD, ψD and A
D
µ are diagonal matrices. The fields X
i, ψ and Aµ have the
(anti-)periodic boundary conditions (126). The spectrum of (anti-)periodic
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matrices must be (anti-)periodic. However, the individual eigenvalues need
not be. They can be periodic up to permutations (and gauge transformations
generated by the Cartan sub-algebra),
(ADµ )a(σ1 + 1, σ2) = (A
D
µ )P (a)(σ1, σ2) + 2π(nµ)a + ∂µθa
(X iD)a(σ1 + 1, σ2) = (X
i
D)P (a)(σ1, σ2)
(ψD)a(σ1 + 1, σ2) = (ψD)P (a)(σ1, σ2)
(ADµ )a(σ1, σ2 + 1) = (A
D
µ )Q(a)(σ1, σ2) + 2π(mµ)a + ∂µφa
(X iD)a(σ1, σ2 + 1) = (X
i
D)Q(a)(σ1, σ2)
(ψD)a(σ1, σ2 + 1) = −(ψD)Q(a)(σ1, σ2) (128)
where a = 1, ..., N , P (a) and Q(a) are permutations and nµ, mµ are integers.
Consistency requires that the two permutations commute,
PQ = QP (129)
To compute the partition function, in the gs → 0 limit, we should now do the
path integral (124) over only the diagonal components of the matrix fields
with the action
Sdiag =
1
4πα′
∫ 1
0
dσ1
∫ 1
0
dσ2Tr
{
1 + (2πα′BE)2
ν
∂1X
i
a∂1X
i
a + ν∂2X
i
a∂2X
i
a
− 4πα′BE∂1X ia∂2X ia + g2sα′ν (∂1A2a − ∂2A1a)2
− i2α′
(
ψTa ∂2ψa +
1
ν
ψTa γ∂1ψa −
2πα′BE
ν
ψTa ∂1ψa
)}
(130)
and with the boundary conditions (128). We should then sum over topo-
logically distinct configurations, characterized by the permutations P and Q
and by the integers mµ, nµ. We shall not discuss the validity of the assump-
tions leading to this starting point in the present Paper (see discussions in
[14, 15]).
Here, the eigenvalues of the matrices of the matrix model are functions
which will turn out to live on multiple (un-branched) covers of the torus on
which the field theory in (130) lives. The rest o this section is devoted to
showing that the combinatorics of combining the eigenvalues to form these
covers can be solved and that the resulting sum over all topological sectors
produces a partition function which coincides with the one found for the
superstring in the previous section.
It is easy to show that in the case that we are considering, the gauge field,
after absorbing the gauge transformations in (128), decouples as gs → 0. This
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fact is particular to the genus 1 system that we are specializing to here. At
higher genera it is claimed that the gauge field part of the partition function
produces the correct factor of (gs)
2g−2 which weights the contribution of
higher genus covers [17].
The partition function that we must compute thus decomposes into topo-
logical sectors which are characterized by the permutations of the eigenvalues,
Z =
∞∑
N=0
1
N !
e−Nβ/
√
2R
∑
P,Q
Z(P,Q) , (131)
(where we have suppressed the dependence on the integers in the boundary
conditions for gauge fields). Here, for each N we have divided by contribu-
tion by the volume of the Weyl group, N !, which reflects the fact that the
eigenvalues are defined up to a global permutation. (From the M-theory
point of view, this factor gives Boltzmann statistics to the D0-branes.) The
possibility of introducing different weights in the sum over pairs of commut-
ing permutations has been discussed in [22], [23]. Some relationships between
these combinatorics and sigma models on symmetric orbifolds has been dis-
cussed in [24] and [51, 52]. We shall show in what follows that the correct
genus 1 partition function for the type IIA string emerges from (131) only
when all of the pairs (P,Q) have the same weight.
6.2.1 How permutations determine the world-sheet metric
The basic combinatorics which obtains the genus 1 (un-branched) covers of
the torus from the sum over compatible permutations P and Q was discussed
in detail in [21]. Here, we shall review the essential parts of the argument.
Consider a generic set of fields obeying the boundary conditions
λa(σ1 + 1, σ2) = λP (a)(σ1, σ2) ,
λa(σ1, σ2 + 1) = (−1)fλQ(a)(σ1, σ2) . (132)
where f = 0 for a Bose field and f = 1 for a fermion.A given permutation
P can be decomposed into cycles - i.e. subgroups of the N elements which
cycle into each other under repeated application of P .
Consider the subset of the fields which occur in the cycles of length k of
P . We relabel them so that P acts on them as
λakαn (σ1 + 1, σ2) = λakαn+1(σ1, σ2) ,
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λakαn (σ1, σ2 + 1) = (−1)fλakpi(α)
n+s
(σ1, σ2) . (133)
Here α is a label that runs over all of the different cycles of P which have
length k. k runs over all lengths of cycles of a given permutation P .
For each such cycle, α, we fuse these fields together into a single function
which lives on k copies of the torus and is periodic in the sense that
λakα(σ1 + k, σ2) = λakα(σ1, σ2) . (134)
Then we consider what a commuting permutation Q can do to these
fields. Since Q must commute with P , there are only two possibilities for
the action of Q. First, Q can permute cycles of P which have equal size -
so it can act as a permutation of the set of all cycles of P with length k for
example Q : α→ π(α). Second, it can implement a cyclic permutation of the
elements within a cycle of P which in the notation above is not a translation
of σ1, Q : σ1 → σ1 + s(k, α). Thus, Q has the action
λakα(σ1, σ2 + 1) = (−1)fλakpi(α)(σ1 + s(k, α), σ2) . (135)
Then, we consider the decomposition of the action of Q into cycles. Such
a cycle of Q permutes a subset (say of length r) of the rk length k-cycles of
P into each other. For this cycle of cycles, we again fuse together r copies of
the fields λakα(σ1, σ2) so that the resulting field lives of rk copies of the torus
and is periodic
λak,r(σ1 + k, σ2) = λak,r(σ1, σ2) ,
λak,r(σ1, σ2 + r) = (−1)frλak,r(σ1 + s, σ2) . (136)
where s =
∑
α s(k, α) mod k is the accumulated shift for the r elements in
the cycle of Q.
The space on which coordinates which are arguments of the field in (136)
take values is the torus depicted in fig. 1. The contribution to the path
integral of this set of fields is denoted by
Z(r, k, s) =
∫
[dX i][dψ] exp
{
−1
2
∫ r
0
dσ2
∫ k+ s
r
σ2
s
r
σ2
dσ1[
βR(1 + (2πα′BE)2)√
2(2πα′)2
(∂1X
i)2 − BE∂2X i∂1X i +
√
2
βR
(∂2X
i)2
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Figure 1: Connected covering torus with r = 4, k = 5 and s = 3.
− i βR√
22π2α′
ψTγ · ∂1ψ + i2α′BEψT∂1ψ − i
π
ψT∂2ψ
]}
(137)
where the integration region is the torus of fig.1 . The boundary conditions
for the Bose fields are
X i(σ1 + k, σ2) = X
i(σ1, σ2)
X i(σ1, σ2 + r) = X
i(σ1 + s, σ2) (138)
and for the Fermi fields are
ψ(σ1 + k, σ2) = ψ(σ1, σ2)
ψ(σ1, σ2 + r) = (−1)rψ(σ1 + s, σ2) (139)
It is possible to change the coordinates in the action (137) so that the in-
tegration region is the square torus (σ1, σ2) ∈ ([0, 1), [0, 1)). The appropriate
coordinate transformation is
σ′1 =
σ1
k
− sσ2
kr
,
σ′2 =
σ2
r
(140)
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Then, the action becomes
S =
1
4πα′
∫ 1
0
dσ2
∫ 1
0
dσ1
√
g
(
gαβ∂α ~X · ∂β ~X − i2α′ψ¯iγaeαa∂αψi
)
(141)
where
gαβ =
(
1 τ1
τ1 |τ |2
)
(142)
with
τ =
s
k
+ τ0
r
k
(143)
where τ0 is the parameter defined in (2) which was the Teichmu¨ller parameter
of the basic underlying torus of DLCQ strings.
eαa a zweibein which corresponds to the metric gαβ. Now, the boundary
conditions are
X i(σ1 + 1, σ2) = X
i(σ1, σ2)
X i(σ1, σ2 + 1) = X
i(σ1, σ2)
ψ(σ1 + 1, σ2) = ψ(σ1, σ2)
ψ(σ1, σ2 + 1) = (−1)rψ(σ1, σ2) (144)
Note that the boundary condition for the Fermi field still depends on r.
We have thus obtained the superstring partition function where the world-
sheet is a fixed torus of the kind depicted in Figure 1. This worldsheet is an
un-branched cover of an underlying torus which has Teichmu¨ller parameter
τ0 given in equation (2) and coinciding with the basic parameter that we
identified for the superstring.
It is now necessary to show that the sum over all compatible permutations
P and Q produce the sum over genus 1 worldsheets which we found for the
superstring. The relevant arguments are given in ref.[21] and we refer the
reader there for the details. An essential piece of the derivation is to show
the exponentiation of the sum over connected parts. Then, for a connected
parts, the sum over the integers k, r, s in the domain which characterize the
permutations produces the sum over discrete Teichmu´ller parameters which
we found for the superstring at genus 1. In that sum, after replacing the
Euclidean BE by the Minkowski field B, we obtain an expression for the
free energy of the matrix string theory which precisely coincides with the
superstring partition function which we found in (108).
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7 Hagedorn Temperature
7.1 Bosonic String
In bosonic string theory, the Hagedorn temperature is the temperature at
which a certain winding modes become massless, indicating a phase transi-
tion. We will investigate the Hagedorn transition analyzing the mass shell
condition, looking for the temperature at which a new tachyon, besides the
one already present at zero temperature, appears [38].
Let us recall the expression for the world-sheet action in Euclidean space
in a BE-field background.
S =
1
4πα′
∫
d2σ
(
∂αX
µ∂αXµ − 2πiα′BEµνǫαβ∂αXµ∂βXν
)
(145)
Having compactified the time dimension to circumference β and the light-
cone direction, one has
X0 = x0 − (2α′)p0iτ +
(
mβ
π
+ i
√
2Rp
)
σ + (oscillators)
X1 = x1 − (2α′)p1iτ +
√
2Rpσ + (oscillators)
X iT = x
i
T − 2α′P iT iτ + (oscillators) (146)
The momenta in the 0 and 1 directions are quantized according to
P 0 ≡ −
∫ π
0
∂L
∂i∂τX0
dσ
= p0 −BEπ
√
2Rp =
2πn
β
(147)
P 1 ≡ −
∫ π
0
∂L
∂i∂τX1
= p1 +BEβm+ iBE
√
2Rp = −
√
2k
R
− i2πn
β
(148)
We then have
p0 =
2πn
β
+BEπ
√
2Rp
p1 = −
√
2k
R
− i2πn
β
− BEβm− iBE
√
2Rp (149)
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The mass-shell condition becomes
M2 ≡ −P iTP iT =
2
α′
(
N + N˜ − 2
)
+
m2β2
4π2α′2
+
2k2
R2
+ β2(BE)2m2
+
2
√
2BEβ
R
km+ 2πi
[√
2βRmp
(
1
4π2α′2
+ (BE)2
)
+
2
√
2
Rβ
kn
]
+ 4πiBE (nm+ kp) (150)
The unfamiliar imaginary terms in this equation can be understood by con-
sidering that when M2 is exponentiated to obtain the partition function, and
summed over the integers, these terms will provide periodic delta functions
that constraint the Teichmu¨ller parameter. As a matter of fact there is an
alternative way to obtain the mass spectrum. One can consider the torus
path integral for the partition function. The sum over path integral topolog-
ical sectors with the winding mode action given by (64) is related by Poisson
re-summation to the partition function for the shifted spectrum. By first
Poisson re-summing over n and then over q we get
∑
m,n,p,q
exp
[
− β
2
4πα′τ2
(mτ¯ − n) (τm− n) + 2πi
√
2βR
4πα′τ2
(
nq + |τ |2mp
− τ1(mq + np))− 2πi
√
2βR
BE
2
(mq − np)
]
=
√
22πα′τ2
βR
∑
m,k,p,s
exp

−πτ2α′


(
mβ
2πα′
)2
+
(√
2k
R
+ βBEm
)2
+ 2πi
(√
2βRmp
(
(BE)2 +
1
4π2α′2
)
− 2
√
2
Rβ
sk + 2BE(kp−ms)
))
+ 2πiτ1(kp+ms)] (151)
This formula clearly reproduces the topological part of the mass shell condi-
tion (150), when s→ −n, and of the constraint L0 − L˜0 = 0, which reads
L0 − L˜0 = nm− kp+N − N˜ = 0 (152)
with N and N˜ being the left- and right-moving mode number operators,
N =
∞∑
n=1
: αµn · αµ−n :
N˜ =
∞∑
n=1
: α˜µn · α˜µ−n : (153)
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From (151) we then get the following form for the mass-shell condition
M2 =
2
α′
(
N + N˜ − 2
)
+
(
mβ
2πα′
)2
+
(√
2k
R
+mβBE
)2
(154)
and, by summing over p and s, the periodic delta-functions
δ
[
πα′τ2
(√
2βRm
(
(BE)2 +
1
4π2α′2
)
+ 2BEk
)
− τ1k + r
]
δ
[
2πα′τ2
(√
2
Rβ
k +mBE
)
+ τ1m− n
]
(155)
where the sums over r and n have been omitted. Eq.(155) provides the
discretized Teichmu¨ller parameter τ . As can be easily seen τ has again the
form
τ =
n(1− 2πiα′BE)− irν
m(1− 2πiα′BE)− ikν
So that it coincides with the one defined in (81) when r is identified with s.
Looking for a state of N = N˜ = 0, we must set the quantized momenta to
zero, i.e. n = k = 0, and to find something “stringy”,m = ±1. Consequently,
in Minkowski space, M2 becomes
M2 = − 4
α′
+
β2
4π2α′2
− β2B2 (156)
We see that these modes become tachyonic when
β2 =
16π2α′
1− (2πα′B)2 (157)
which gives the Hagedorn temperature in the presence of a B-field.
For B → 0 we recover the well known result [38]
TH =
1
4π
√
α′
. (158)
7.2 Superstring
In this section, we will extend the preceding discussion of the Hagedorn
transition for bosonic closed string to the case of a supersymmetric type II
superstring in a constant B-field.
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The description of supersymmetric string theories in the NSR formalism
requires the sum over spin structures in addition to summing over windings.
For type II superstrings we must consider the contribution of both right-
moving and left-moving NSR fermions. At genus one there are four spin
structures for the right- and left-moving fermions. These spin structures are
(+,+), (+,−), (−,+), (−,−), where the first sign refers to the σ1 direction
and the second to the σ2 direction. Thinking of σ1 and σ2 as the world-sheet
space and time direction, one has that space-time bosons (R sector) corre-
spond to (+,+) and (+,−) and space-time fermions (NS sector) correspond
to (−,+) and (−,−).
In [38], is explained that the effective string theory that governs the high-
temperature limit of type II superstrings is a theory in which one sums over
all spin structures L, imposing that the right-moving spin structure is the
same as the left-moving one. This is a ghost-free and modular invariant but
tachyonic ten-dimensional string theory.
In order to study the Hagedorn temperature for type II superstring, we
must look for a state which is in the NS − NS sector, because only in this
case the tachyon appears.
As shown in the superstring section, the B-dependent contribution comes
from the bosonic part of the action. Thus the formula for the mass-shell
condition is similar to that obtained for the bosonic string, with N and N˜
being respectively the right- and left-moving number operators of bosons and
fermions, and with the appropriate value for the normal ordering constant
(which is 1/2 for both right and left sectors)
M2 =
2
α′
(
N + N˜ − 1
)
+
(
mβ
2πα′
)2
+
(√
2k
R
+ iβBm
)2
(159)
We are looking for a state with N = N˜ = 0, so we must set the quantized
momenta to zero, and, to find something “stringy”, m = ±1. Except for the
presence of the B-field in the mass-shell condition, all the discussion proceeds
as in [38]. In Minkowski space the mass-shell condition becomes,
M2 = − 2
α′
+
β2
4π2α′2
− β2B2 (160)
These modes become tachyonic when
β2 =
8π2α′
1− (2πα′B)2 (161)
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which gives the Hagedorn temperature in the presence of a B-field.
For B → 0 we recover the well known result [38]
TH =
1
2π
√
2α′
. (162)
It is possible to reproduce the result given in (161) by studying where the
free energy in the Green-Schwarz formulation of the superstring diverges.
8 Discussion
What we have examined in this Paper is an interesting coincidence between
the set of all eigenvalues of simultaneously diagonalizable matrices which live
on a torus and the set of Riemann surfaces that appear in the path integral
for the string partition function. In both cases they are the sets of branched
covers of a basic torus. We have found the further fact that the basic torus
is the same in the case of matrix theory and the type II superstring. We also
find that the one-loop, or genus one, contribution in both cases are identical
in every detail.
It would be interesting to extend this correspondence to higher genera.
We have done this partially by showing that the set of branched covers of the
torus is what appears in the sum over Riemann surfaces in the string partition
function. In this case, the higher genus covers can be obtained by gluing
tori together along branch cuts. Analogous to this, it should be possible
to show that a higher genus contribution to the string partition function
can be obtained by taking correlators of the DVV vertex operators in the
free matrix string model. This would potentially establish the appearance of
string perturbation theory within the matrix model to all orders in the genus
expansion.
The effect of a B-field on the Hagedorn temperature that we have found
is interesting. TH depends on B and is lowered by increasing B, but it
does not depend on the light-cone compactification radius R. This means
that, for non-zero B, the DLCQ procedure has an infinite R limit which
remembers the compactification and still feels the effect of B. This puzzling
behavior needs further investigation. It leaves open the possibility that the
DLCQ and at finite temperature is inconsistent in the sense that B doesn’t
decouple properly as the physically interesting limit R→∞ is taken.
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